Abstract. We establish a new strategy to study the Hyers-Ulam-Rassias stability of the Cauchy and Jensen equations in non-Archimedean normed spaces. We will also show that under some restrictions, every function which satisfies certain inequalities can be approximated by an additive mapping in non-Archimedean normed spaces. Some applications of our results will be exhibited. In particular, we will see that some results about stability and additive mappings in real normed spaces are not valid in non-Archimedean normed spaces.
Introduction
In 1940, S. M. Ulam [24] in the University of Wisconsin proposed the following question about the stability of homomorphisms: Let (G 1 , * ) be a group and (G 2 , , d) be a metric group with the metric d. In the next year, D. H. Hyers [8] , gave a positive answer to the above question for additive groups under the assumption that the groups are Banach spaces. In 1978, Th. M. Rassias [21] proved a generalization of Hyers' theorem for additive mappings in the following way: Theorem 1.1. Let f be an approximately additive mapping from a normed vector space E into a Banach space E , i.e., f satisfies the inequality
for all x, y ∈ E, where ε and r are constants with ε > 0 and 0 ≤ r < 1. Then the mapping L : E → E defined by L(x) = lim n→∞ 2 −n f (2 n x) is the unique additive mapping which satisfies
The result of Th. M. Rassias has influenced the development of what is now called the Hyers-Ulam-Rassias stability theory for functional equations. In 1994, a generalization of Rassias' theorem was obtained by Gȃvruta [6] by replacing the bound ε( x p + y p ) by a general control function ϕ(x, y). Several stability results have been recently obtained for various equations, also for mappings with more general domains and ranges (see [3, 9, 10, 11] ).
A Jensen equation is a equation of the form 2f (
, where f is a mapping between linear spaces. It is easy to see that a mapping f : X → Y between linear spaces with f (0) = 0 satisfies the Jensen equation if and only if it is additive; cf. [20, Theorem 6] . The concept of stability for a functional equation arises when we replace the functional equation by an equality which acts as a perturbation of the equation. Stability of Jensen equation has been studied at first by Kominek [15] and then by several other mathematicians; cf. [6, 12, 16, 17, 18] .
In 1897, Hensel [7] has introduced a normed space which does not have the Archimedean property. It turned out that non-Archimedean spaces have many nice applications [4, 13, 14, 19] . Definition 1.2. Let K be a field. A non-Archimedean absolute value on K is a function | | : K → R such that for any a, b ∈ K we have (i) |a| ≥ 0 and equality holds if and only if a = 0, (ii) |ab| = |a||b|, (iii) |a + b| ≤ max{|a|, |b|}. The condition (iii) is called the strong triangle inequality. By (ii), we have |1| = | − 1| = 1. Thus, by induction, it follows from (iii) that |n| ≤ 1 for each integer n. We always assume in addition that | | is non trivial, i.e., that (iv) there is an a 0 ∈ K such that |a 0 | = 0, 1. (ii) ||x|| = |r|||x|| for all r ∈ K and x ∈ X; (iii) the strong triangle inequality (ultrametric); namely,
Then (X, || · ||) is called a non-Archimedean space.
By a complete non-Archimedean space we mean one in which every Cauchy sequence is convergent. Remark 1.4. Thanks to the inequality
a sequence {x n } is Cauchy if and only if {x n+1 − x n } converges to zero in a non-Archimedean space.
The most important examples of non-Archimedean spaces are p-adic numbers. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom: for all x, y > 0, there exists an integer n such that x < ny. Note that if p > 3, then |2 n | = 1 in for each integer n.
In [1] , the authors showed that if f : Q p → R is a continuous mapping such that for some ε > 0, |f
In [23] , the authors investigated stability of some functional equations in non-Archimedean normed spaces. In this paper, we improve the strategy used in [23] .
In Section 2, we apply a new technique to prove stability of the Cauchy equation in non-Archimedean normed spaces. We will exhibit some applications of our results in these spaces. In particular, we will give non-Archimedean version of Theorem 1.1. Furthermore, we give an example to show that the exact version of Theorem 1.1 is not valid in non-Archimedean normed spaces. The stability of the Jensen equation in non-Archimedean spaces is studied in Section 3.
Rätz in [22] considered the stability of an inequality associated to Jordan-von Neumann. The result of Rätz is improved by Fechner [5] . In [2] , the authors studied the generalized Hyers-Ulam stability of functional inequalities
Moreover, they have shown that if a function f : X → Y satisfies one of the above inequalities, then f is additive. In Section 3, we will give an example to show that this result is not valid in non-Archimedean normed spaces. We will also consider the stability of these inequalities. More precisely, we will show that for suitable function ϕ, each function f from a non-Archimedean linear space X to a complete non-Archimedean normed space Y which satisfies one of the following inequalities
can be approximated by a unique additive mapping T from X to Y .
Stability of Cauchy functional equation
Hereafter, we will assume that X linear space over a non-Archimedean field K with a valuation | · | and Y is a complete non-Archimedean normed space over K.
Let f : X → Y satisfy the functional equation
we call it a Cauchy equation. If for some function ϕ :
for all x, y ∈ X, then f is called a ϕ-approximately Cauchy function.
for each x, y ∈ X. Then there exists a unique additive mapping
for all x ∈ X, where
Proof. By induction on j, we will show that for each x ∈ X and j ≥ 2,
This proves (2.4) for j = 2. Let (2.4) hold for some j > 2. Replacing y by jx in (2.1), we see that
for each x ∈ X, it follows from (2.6) and our induction hypothesis that (2.4) holds for all j ≥ 2. In particular
Replacing x by k −n x in (2.7), by the inequality (2.2), we see that
By multiplying both sides of the above inequality in |k| n−1 , we get to (2.9)
By Remark 1.4 and the fact that lim n→∞ |k| n ψ(k −n x) = 0, the inequality (2.9) shows that {k n f k −n x } is a Cauchy sequence in the complete nonArchimedean space Y .
Let
Since for each n ≥ 1 and x ∈ X,
by taking limit as n → ∞ of both sides of this inequality we see that
Note that the maximum of the right hand side exists, since lim
This proves (2.3). It follows from (2.1), (2.2) and (2.3) that for all x, y ∈ X,
Hence T is additive. Now if T : X → Y is another additive map such that
for all x ∈ X, then for each n ∈ N, x ∈ X we have
By our assumption, the last term of the above inequality tends to zero as n tends to infinity. Hence T = T .
The following result can be regard as non-Archimedean version of Theorem 1.1. 
Then there exists a unique additive mapping T : X → Y such that
where k is the first integer such that |k| < 1, we will assume that such an element exists.
Proof. Let ϕ(x, y) = θ( x r + y r ). Since |k| < 1 and 1 − r > 0,
Therefore the conditions of Theorem 2.1 are satisfied. It is easy to see that
By Theorem 2.1 there is a unique additive mapping T : X → Y such that (2.10) holds.
However, the following example shows that the same result of Theorem 1.1 is not true in non-Archimedean normed spaces. 
However neither {2 −n f (2 n x)} nor {2 n f (2 −n x)} is a Cauchy sequence. In fact, by using the fact that |2| = 1, we have
for all x ∈ Q p and n ∈ N. Hence these sequences are not convergent in Q p .
Let f, g, h : X → Y satisfy the functional equation
for all x, y ∈ X, we call it a Pexider Cauchy equation. In the next result, we discuss about the stability of Pexider Cauchy equation in non-Archimedean spaces.
and (2.2) holds for some integer k ∈ K, then there exists a unique additive map
for each x ∈ X.
Put y = 0 in (2.15) to obtain (2.16)
Letting x = 0 in (2.15), we see that
It follows from (2.15), (2.16) and (2.17) that for each x, y ∈ X,
Then lim n→∞ |k| n ϕ 1 (k −n x, k −n y) = 0. Thanks to Theorem 2.1, there exists a unique additive mapping T : X → Y which satisfies the inequality (2.12). By (2.12) and (2.16), we see that for each
which proves (2.13). It follows from (2.12) and (2.17) that for each x ∈ X,
hence (2.14) holds.
for some fixed θ > 0 and r, s ≥ 0 with r + s < 1. Let K contains positive integers with valuation strictly less than one and k ∈ K be the first integer with this property. Then there exists a unique additive mapping T : X → Y such that for each x ∈ X,
Proof. Let ϕ(x, y) = θ(||x|| r ||y|| s ). Then for each x, y ∈ X, we have
Therefore the conditions of Theorem 2.4 are fulfilled. By Theorem 2.4 and straightforward computation one can find a unique additive mapping T : X → Y such that (2.12), (2.13) and (2.14) hold.
Hyers-Ulam-Rassias stability for Jensen equation
We start this section by considering the stability of the Jensen equation
where f is a mapping from a vector spaces X to a non-Archimedean space Y . Later, we will show that under some conditions on X and ϕ : X × X × X → [0, ∞) each function f : X → Y which satisfies one of the inequalities
can be approximated by a suitable additive mapping from X to Y .
If for some natural number
then there exists a unique additive mapping T : X → Y such that
for all x ∈ X.
Replacing x by x + y and y by 0 in (3.3) , we see that
It follows from (3.3) and the above inequality that 
